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Abstract
We discuss the non-equilibrium attractors of systems undergoing Gubser flow within kinetic theory by means of non-
linear dynamical systems. We obtain the attractors of anisotropic hydrodynamics, Israel-Stewart (IS) and transient fluid
(DNMR) theories. These attractors are non-planar and the basin of attraction is three dimensional. We compare the
asymptotic attractors of each hydrodynamic model with the one obtained from the exact Gubser solution of the Boltz-
mann equation within the relaxation time approximation. Anisotropic hydrodynamics matches, up to high numerical
accuracy, the attractor of the exact theory while the other hydrodynamic theories fail to do so. Thus, anisotropic hy-
drodynamics is an effective theory for far-from-equilibrium fluids, which consists of the dissipative (nonperturbative)
contributions at any order in the gradient expansion.
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Introduction
Recent theoretical and phenomenological studies point to the existence of a new theory for far-from-
equilibrium fluid dynamics (see Ref. [1, 2, 3] and references therein). In this contribution, we review some
of the main results of our research article about non-equilibrium attractor of the Gubser flow in different
hydrodynamic schemes [4].
The Gubser flow describes a conformal system which expands in an azimuthally symmetric way in the
transverse plane, and has boost-invariant longitudinal expansion [5]. The symmetries of this flow are man-
ifest in the three dimensional de Sitter spacetime times a line dS 3 ⊗ R [5]. The hydrodynamic approaches
used here differ mainly on the shape of the leading background distribution function in momentum space
and their particular truncation scheme. The second order hydrodynamic theories (IS and DNMR) expand
around a thermal isotropic background while anisotropic hydrodynamics (aHydro) uses a non-equilibrium
background which is not rotationally invariant in momentum space.
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Fig. 1: (a) 3d phase space flows of the IS theory at τ0 = −0.8. We used as initial conditions a rectangular boundary in variables
(Tˆ , p¯i) =
[
1 × 10−4, 1
]
× [−1.0, 0.4], and let the 3d dynamical system evolve. There are two different behaviors observed for the set of
studied initial conditions; one for when the flows start inside the basin of attraction, in which case the system evolves to the stable fixed
point asymptotically, and the other when the initial condition triggers the flows outside the basin of attraction, in which case the flow
lines diverge. The separating blue flow lines determine a portion of the boundary of the basin of attraction. (b) Asymptotic attractors
of the IS (dotted green lines), DNMR (dash-dotted blue lines), aHydro (short-dashed orange lines) and exact Gubser solution (solid
black line).
Results and discussion
In Ref. [4] we showed that the fluid dynamical equations of motion of the macroscopic fields, the tem-
perature Tˆ and the normalized shear stress p¯i, can be reduced to the following differential equation
3w
(
coth2 ρ − 1 −A(w)
) dA(w)
dw
+ H(A(w),w) = 0 , (1)
where w = tanh(ρ)/Tˆ , A = d log(Tˆ )/d log(cosh(ρ)) and the functional form of H is model dependent [4].
The solutions of Eq. (1) depends on the value of ρ and only asymptotically (e.g. ρ → ±∞), this equation
reduces to a one dimensional ODE. Therefore, the non-equilibrium attractors of systems undergoing Gubser
flow are 1d non-planar manifolds [4]. This can be seen explicitly for the IS theory in Fig. 1a, where we plot
the flow lines of the fluid dynamical equations in the 3d phase space (Tˆ , p¯i, τ = tanh(ρ)) for a given set of
initial conditions [4]. In the same figure, we also observe that every set of initial conditions taken from the
basin of attraction merges asymptotically to a line, the asymptotic attractor. The rate at which any flow line
reaches exponentially the asymptotic attractor is determined by the Lyapunov exponents of the stable fixed
point in the dynamical system. A linear stability analysis of the IS theory [4] reveales that the Lyapunov
exponents are λTˆ = − 23 + 13√5 , λp¯i = − 83√5 and λτ = −1 around the stable fixed point when ρ → ∞. This
result indicates that in general, neither the Knudsen nor the inverse Reynolds numbers, both proportional to
w, characterize the asymptotic expansion of the hydrodynamic fields [4].
In Fig. 1b we present the numerical analysis of the asymptotic attractor obtained from Eq. (1) when
ρ→ ∞ for the IS (dotted green lines), DNMR (dash-dotted blue lines), aHydro (short-dashed orange lines),
and the solution to the exact Boltzmann equation for the Gubser flow (solid black line). First, we observe
that none of the second order hydrodynamic schemes - DNMR and IS - are able to be in good agreement
with the attractor of the exact theory over the large (or small) w regime studied here. Among these two
truncation schemes, the DNMR approach is the most unaccurate description of the asymptotic attractor
while the IS does a better job. Nonetheless, the IS theory also fails to be valid in the attracting region close
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to the fixed point. Now, aHydro is the best hydrodynamic scenario for reproducing numerically the attractor.
Nonetheless, none of the hydrodynamic models, as expected, are able to match the exact result around w ∼ 0
(more precisely between |w| . 2 where coth2 ρ − 1 cannot be approximated to zero) as shown in the inset
of Fig. 1b. Note that the numerical difference between IS and aHydro with respect to the exact result is no
larger than 4% in this interval whereas DNMR deviates entirely in there. In the large or intermediate regime,
on the other hand, we verify numerically that the largest numerical deviation between the aHydro attractor
and the exact one does not exceed 0.06%. The numerical results presented here provide a conclusive proof
that aHydro resums effectively the Knudsen and inverse Reynolds numbers to all orders independent of the
initial conditions.
Conclusions
In this proceedings contribution, we analyzed and extended the previous studies of hydrodynamical at-
tractors by taking advantage of powerful and useful tools of nonlinear dynamical systems. These techniques
allow us to understand the impossibility of reducing the hydrodynamic evolution equations into a single one
as opposed to the Bjorken flow [6]. This in turn insicates that the dimension of the basin of attraction is
three and one has to consider a genuine 3d initial value problem.
From the numerical comparison of the out-of-equilibrium attractors, we conclude that the attractor of
the exact theory is best achieved by aHydro up to high numerical accuracy. The nonperturbative expansion
leading to the attractor is well understood in the form of a formal transseries around the hydrodynamic fixed
point [4]. The transseries manifests the sum over all the dissipative (nonperturbative) corrections character-
ized by the Knudsen and inverse Reynolds numbers at any order in the gradient expansion.
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